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ABSTRACT. We study compact, simply connected, homogeneous 8-manifolds admitting invariant
Spin(7)-structures, classifying all canonical presentations G/H of such spaces, with G simply con-
nected. For each presentation, we exhibit explicit examples of invariant Spin(7)-structures and
we describe their type, according to Fernandez classification. Finally, we analyse the associated
Spin(7)-connection with torsion.

1. INTRODUCTION

A Spin(7)-structure on an 8-manifold M is characterized by the existence of a 4-form ® which
can be pointwise written as

(I>| 60123 + 60145 _ 60167 + 60246 + 60257 + 60347 _ 60356

T
—|—64567 + 62367 _ 62345 + 61357 + 61346 _ 61247 + 61256

9

for some basis (€°,...,€7) of the cotangent space T*M, where /% denotes the wedge product of
covectors €' A el A e¥ Ael. Any such form is called admissible, and it gives rise to a Riemannian
metric g and an orientation on M by the inclusion Spin(7) C SO(8) (cf. [16]). The existence
of Spin(7)-structures depends on the topology of the manifold [21]. In particular, M has to be
orientable and spin.

By [12], the intrinsic torsion of a Spin(7)-structure can be identified with the exterior derivative
of the corresponding 4-form ®. As a consequence, the Riemannian holonomy group Hol(gg) is
a subgroup of Spin(7) if and only if d® = 0. In such a case, the metric go is Ricci-flat, and
the Spin(7)-structure is said to be torsion-free. More generally, the decomposition of the Spin(7)-
module A%((R®)*) into irreducible submodules allows one to divide Spin(7)-structures into four
classes, which were first described in [12]. Recently, a description of these classes in terms of
spinorial equations has been obtained in [23].

Since @ is parallel with respect to the Levi Civita connection V9 of gg if and only if Hol(ge) C
Spin(7), any other linear connection on M preserving the Spin(7)-structure ¢ must necessarily have
torsion. By [15], on (M, ®, gg) there exists a unique connection with totally skew-symmetric torsion
T preserving both ® and a nontrivial spinor. It is given by V = V9¢ + %T.

The aim of this article is to study compact, simply connected 8-manifolds endowed with a Spin(7)-
structure and acted on (almost) effectively and transitively by a compact connected Lie group G
of automorphisms. Every such manifold admits a presentation of the form (M = G/H, ®), where
H is a closed subgroup of G, and @ is a G-invariant admissible 4-form. From the algebraic point
of view, M = G/H is a compact, simply connected, (almost) effective homogeneous space whose
isotropy action on the tangent space is equivalent to the action of a closed subgroup of Spin(7) on
0O =R

Recall that every compact, simply connected, homogeneous space M admits a canonical presen-
tation, that is, it can be written as M = G/H with G a compact, connected, simply connected,
semisimple Lie group and H a closed connected subgroup of G (see e.g. [8, 28]). All compact,
simply connected, homogeneous 8-dimensional manifolds G/H of a compact, connected, simply
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connected Lie group G were classified in [18]. Moreover, a classification of compact simply con-
nected Riemannian symmetric spin manifolds was given in [11]. A topological examination of these
spaces allows us to obtain the following.

Theorem A.

a) The canonical presentations of all compact, simply connected, non-symmetric almost effective
homogeneous spaces admitting a Spin(7)-structure are exhausted by

U@

S
D ey
_SU(2) x SU(2) x SU(2)
2) Crpm = U(D)k.eom ’

P SU(2) x SU(2) x SU(2) _ SU(2)

) ASU(2) Uy
SU(3)

4) SU@) x SU(2).

As smooth manifolds, the spaces a2) and a3) are diffeomorphic to S? x S x S?, while the space

a4) is diffeomorphic to S® x S3.

b) The compact, simply connected, symmetric spaces admitting a Spin(7)-structure are exhausted

by SU(3), S3 x $3 x §?, §5 x S3, HP? and the exceptional Wolf space 55(24).

The manifold Cj ¢, appearing in the above theorem is a torus bundle over the homogeneous
Kiihler-Einstein manifold (SU(2)/U(1))*3, and hence a non-Kihler C-space. Invariant Einstein
metrics on it were discussed in [8, 34]. When m = 0, Cj 0 is the direct product of S? with the
total space of a circle bundle over S? x S?. Furthermore, C1,0,0 = Spin(4) x SUU(—%)

On the other hand, the homogeneous space (SU(3)/SU(2)) x SU(2) is an example of a Calabi-
Eckmann manifold. This is a torus bundle over CP? x CP!, and hence also a non-Kéhler C-
space. By Jensen [13], the 5-sphere SU(3)/SU(2) admits a unique invariant Einstein metric which
coincides with the canonical metric. Consequently, the space (SU(3)/SU(2)) x SU(2) admits a
unique invariant Einstein metric.

Using general properties of symmetric spaces, we see that there are no invariant Spin(7)-structures
on the manifolds described in part b) of Theorem A (cf. Lemma 3.2). Combining this with a case-
by-case analysis of the homogeneous spaces appearing in part a) gives the following result.

E>¢>m>0, k>0, ged(k,l,m) =1;

~—

Theorem B. The canonical presentations of all compact, simply connected, almost effective homo-

geneous spaces admitting an invariant Spin(7)-structure are exhausted by 5?7%3), the infinite family

Chtm, for k =€+ m, and the Calabi-Eckmann manifold 28—% x SU(2).

It is remarkable that there are just a few examples of compact simply connected homogeneous
spaces admitting invariant Spin(7)-structures. This is different from the case of Go-structures, where
examples of this type are abundant (see [22, 31], and compare with the classification of compact
almost effective homogeneous 7-manifolds given in [2]).

An example of invariant Spin(7)-structure on the homogeneous space SU(3)/{e} was described
in [12]. For the spaces Cyym pm, With £ > m > 0, and (SU(3)/SU(2)) x SU(2), we describe the
invariant Riemannian metrics and the invariant differential forms. This allows us to obtain a 5-
parameter family of invariant Spin(7)-structures of mixed type on both of them. In particular, for
both spaces we show that there exists an invariant Spin(7)-structure ® inducing the normal metric
and whose associated Spin(7)-connection V coincides with the canonical connection corresponding
to the naturally reductive structure induced by g¢. From this, it follows that V has parallel torsion.
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The paper is organized as follows. In Section 2, we recall some basic facts on Spin(7)-structures.
Homogeneous 8-manifolds with an invariant Spin(7)-structure are discussed in Section 3. In Section
4, we review the main properties of simply connected homogeneous spaces. The main theorems A
and B are proved in Sections 5 and 6, respectively. In particular, the infinite family Cj, ¢, is studied
in Section 6.1, the Calabi-Eckman manifold (SU(3)/SU(2)) x SU(2) is described in Section 6.2 and
(SU(2) x SU(2) x SU(2))/A(SU(2))) x (SU(2)/U(1)) is analysed in Section 6.3. Explicit examples
of invariant Spin(7)-structures on Cp iy ¢.m, with £ > m > 0, and on the Calabi-Eckmann manifold
are given is Section 7, where we also study the corresponding invariant Spin(7)-connection with
torsion. Finally, in Appendix A we discuss the classification of all non-symmetric homogeneous
presentations of S? x S? x S2.

We emphasize that the results of this paper are also useful to study compact 8-manifolds admit-
ting other types of special structures, e.g. invariant PSU(3)-structures. This will be discussed in a
forthcoming work.

2. PRELIMINARIES

We begin recalling the main properties of 8-manifolds whose frame bundle admits a reduction
to the Lie group Spin(7) C SO(8). For more details, we refer the reader to [9, 15, 16, 21].
Consider the vector space RS, denote by {eq,...,er} the canonical basis, and by {e°,... e} its
dual basis. The group Spin(7) can be defined as the stabilizer in GL(8,R) of the following 4-form
on R¥:
B, = V123 4 0145 _ 0167 4 0246 | 0257 | 0347 _ 0356

—|—€4567 + 62367 . 62345 + e1357 + e1346 o 61247 + 61256. (2_1>

Spin(7) is a compact, connected, simply connected Lie group of dimension 21. It is a subgroup
of SO(8), as it preserves both the Euclidean inner product g, = Z§:1(€i)2 on R® and the volume
form @, A ®, = e01234567. Moreover, its center is Zy = {&Idgs} and Spin(7)/Zs = SO(7) (see [9,
Thm. 4] for a proof).

A Spin(7)-structure on a 8-dimensional manifold M is a reduction of the structure group of
its frame bundle from GL(8,R) to Spin(7). As Spin(7) is the stabilizer of the 4-form ®,, such a
reduction is characterized by the existence of a globally defined 4-form ® € Q*(M) which can
be pointwise identified with ®, by means of an isomorphism u : T, M — R®. Any such form is
called admissible, and it gives rise to a Riemannian metric g and to an orientation dVp on M
by the inclusion Spin(7) C SO(8). We denote the Hodge operator associated with this metric and
orientation by . Notice that ® is self-dual, i.e., *® = ®. An explicit description of the metric g¢
in terms of the 4-form ® can be found, for instance, in [17, Sect. 4.3].

Remark 2.1. By dimension counting, the GL(8, R)-orbit of ®, is not open in A*((R®)*). Conse-
quently, an admissible 4-form @ is not stable in the sense of Hitchin [14]. This differs significantly
from the case of Ge-structures on 7-manifolds, which are defined by stable 3-forms satisfying a
suitable positivity condition. In eight dimensions, stability occurs for 3- and 5-forms, and the
corresponding geometric structures are related to the group PSU(3).

Since Spin(7) is both connected and simply connected, a connected 8-manifold M admitting a
Spin(7)-structure must be orientable and spin (with a preferred spin structure and orientation).
These conditions are equivalent to the vanishing of the first and second Stiefel-Whitney classes of
M. However, not every 8-dimensional Riemannian spin manifold admits Spin(7)-structures. More
precisely, this is a topological issue, which can be characterized as follows.

Proposition 2.2 ([21]). An 8-dimensional orientable spin manifold M admits Spin(7)-structures if
and only if, for an appropriate choice of orientation, the following equation involving the Pontryagin



4 DMITRI ALEKSEEVSKY, IOANNIS CHRYSIKOS, ANNA FINO, AND ALBERTO RAFFERO

classes p1(M), p2(M) and the Euler characteristic x(M) of M holds
Pi(M) = 4pa(M) + 8x(M) =0

The intrinsic torsion of a Spin(7)-structure can be identified with the covariant derivative of the
defining 4-form ® with respect to the Levi Civita connection V9% of gp. When VI9*® = 0, the
intrinsic torsion vanishes identically, the holonomy group of g is a subgroup of Spin(7) and gg is
Ricci-flat. In such a case, the Spin(7)-structure is said to be torsion-free or parallel. By [12], the
intrinsic torsion V9*® can be also identified with the 5-form d®. Moreover, the Spin(7)-module
A ((R®)*) splits into the direct sum of two irreducible submodules, say A®((R®)*) = W; © W,
allowing one to divide Spin(7)-structures into four classes, which are completely characterized by
d®. Besides the class of parallel Spin(7)-structures, corresponding to the condition d® = 0, the
following possibilities occur

e class Wi: balanced Spin(7)-structures, characterized by the condition xd® A ® = 0;
e class Wh: locally conformal parallel Spin(7)-structures, characterized by the condition d® = YA P;
o class Wi @ Wa: Spin(7)-structures of mized type.

The 1-form ¢ is given by
1 1

and it is called the Lee form of the Spin(7)-structure. In particular, ® is balanced if and only if
¥ = 0, while d9 = 0 whenever the Spin(7)-structure is locally conformal parallel (l.c.p. for short),
see e.g. [17, Lemma 4.5.2].

Finally, according to [15, Thm. 1.1], any 8-dimensional manifold M endowed with a Spin(7)-
structure ® admits a unique metric connection V with totally skew-symmetric torsion 7', satisfying
V@ = 0. It is given by V := V9 + 1T, where T = —0® — Z x ( A @), and it is called the
characteristic connection of (M, ®).

3. INVARIANT Spin(7)-STRUCTURES ON HOMOGENEOUS SPACES
We now focus on homogeneous spaces. We start with the following definition.

Definition 3.1. A Spin(7)-structure ® on an 8-dimensional manifold M is called homogeneous or
invariant if there exists a connected Lie group G acting transitively and almost effectively on M
preserving the 4-form &.

In this case, M is G-equivariantly diffeomorphic to the homogeneous space G/H, where H is the
isotropy group of a fixed point 0 € M, and ® is a G-invariant 4-form on G/H with pointwise sta-
bilizer isomorphic to Spin(7). Equivalently, the isotropy subgroup x(H) C GL(T,M) is a subgroup
of Spin(7), where x : H — GL(T,M) denotes the isotropy representation of M = G/H. Conversely,
a homogeneous 8-manifold M = G/H with x(H) C Spin(7) admits invariant Spin(7)-structures.

As we are interested in compact examples, from now on we assume that G is compact. Then H
is compact as well, and the Lie algebra g of G admits a reductive decomposition g = & m, where
b is the Lie algebra of H and m is an Ad(H )-invariant subspace of g. Moreover, we can identify
m with the tangent space T,M, and the G-invariant 4-form ® on G/H with an Ad(H)-invariant
4-form on m, which we shall denote by the same letter. Since the G-action on M = G//H is almost
effective, the isotropy representation y, : h — gl(m) is injective, and we can identify the subalgebra
b with the isotropy subalgebra y.(h) of the Lie algebra spin(7) C gl(m). Notice that the following
constraints must hold

dim(g) = dim(h) +8, rkh <3.

The well-known interplay between Gg- and Spin(7)-structures (see e.g. [10]) implies that every
invariant Gg-structure on a compact homogeneous 7-manifold N = L/K gives rise to an invariant
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Spin,-structure on M = L/K x U(1) and, conversely, every invariant Spin;-structure on the 8-
manifold M = L/K x U(1) induces an invariant Gs-structure on N = L/K. Consequently, in
this case the complete list of homogeneous manifolds with an invariant Spin(7)-structure can be
obtained from the results of [22, 31].

In the next sections, we will deal with the classification of the canonical presentations of com-
pact, simply connected, almost effective homogeneous 8-manifolds that admit invariant Spin(7)-
structures. The strategy to study this problem is the following. First, we consider all possible
compact, simply connected almost effective, homogeneous 8-manifolds with their canonical presen-
tation, and we determine those satisfying the characterization of Proposition 2.2. This gives the
list of the spaces admitting Spin(7)-structures. Then, for each space we investigate whether there
exists an invariant admissible 4-form.

We conclude this section with some remarks.

Lemma 3.2. A compact, simply connected, Riemannian symmetric space cannot admit any in-
variant Spin(7)-structure.

Proof. Since all invariant differential forms on a Riemannian symmetric space are closed (see e.g. [35,
p. 250]), any invariant Spin(7)-structure on a Riemannian symmetric space must be torsion-free. In
particular, the corresponding invariant metric must be Ricci-flat. However, every compact simply
connected Riemannian symmetric space is a direct product of irreducible symmetric spaces of
compact type, which are Einstein with non-zero Einstein constant (cf. [6, 10.83]). O

More generally, since Ricci-flat homogeneous manifolds are flat [3], the class of compact connected
homogeneous spaces admitting an invariant torsion-free Spin(7)-structure is exhausted by flat tori.

4. SIMPLY CONNECTED 8-DIMENSIONAL HOMOGENEOUS SPACES

Let M be a compact, simply connected homogeneous space and let G’ be a connected Lie
group acting transitively and almost effectively on it. Starting from the corresponding presentation
M = G'/H' and using the results of [25, 28], it is always possible to obtain a presentation of the
form M = G/H, where G is a compact, connected, simply connected, semisimple Lie group and
H C G is a connected closed subgroup (see e.g. [7, 8] for more details). The latter is known in
the literature as the canonical presentation of the homogeneous space G'/H'. In the following, we
restrict our attention to such presentations.

Proposition 4.1. For a compact, simply connected, homogeneous space M with canonical presen-
tation M = G/H, two possible cases occur:

(I) tk No(H) =1k H;

(II) tk N¢(H) > rk H.
In the first case, M = G/H s the direct product of indecomposable homogeneous spaces G;/H;
which also satisfy (1), that is

M:G/H:Gl/Hl X Gk/Hk,

for some k > 1, with G; compact connected, simply connected and semisimple and H; C G; closed,
for all 1 <i < k. Such homogeneous spaces G;/H; are called prime.

In case (1I), M = G/H is the total space of a principal torus bundle over a product of prime
homogeneous spaces. In particular, for any maximal torus T in a compact complement of H in
Ng(H), M = G/H is the total space of the principal torus bundle

(H-T)/H — G/H — G/(H - T),

where H -'T denotes (H x T)/H N'T. Note that the base space G/(H - T) does not depend on the
choice of T and rk No(H - T) =rk(H - T).
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Example 4.2. Consider the simply connected coset (Go x SU(2))/(SU(3) x U(1)), where SU(3) is
the maximal compact connected subgroup of Gg, and U(1) C SU(2) is a maximal torus. It is easy to
see that this space satisfies condition (I). Hence, it is the direct product of the prime homogeneous
spaces S8 = Gy /SU(3) and CP! = SU(2)/U(1).

ur

Proposition 4.1 allows us to distinguish two classes of compact, simply connected homogeneous
spaces. A particular example of (II) is the following (cf. [18, p. 80]).

Lemma 4.3 ([18]). Let P be the total space of a T4~ -principal bundle over (S*)*9, with ¢ > 2. If
P is simply connected, then it is diffeomorphic to S? x(S3)*(a=1),

Notice that for ¢ = 2 one obtains the circle bundle
St — My = (SU(2) x SU(2))/U(1)g, — S* x S2.

The space My is a compact simply connected 5-dimensional spin manifold with H?(My ¢, Z) = Z,
and hence diffeomorphic to the product of spheres S? xS®. For k = ¢ = 1, the space My is
diffeomorphic to SO(4)/SO(2), and it can be viewed as the unit tangent bundle of S?, see also [27,
p. 6358]. For ¢ = 3, we get the space

Crem = (SU(2) x SU(2) x SU(2))/ U(1)k ,m.:

where the embedding U(1)x¢.m C SU(2) x SU(2) x SU(2) will be specified later (see Section 6.1).
When gcd(k, £,m) = 1, the space Cy ¢, is a torus bundle over S? x S? x §?

T? — (SU(2) x SU(2) x SU(2))/ U(1)kem — S* x S? x §?,

see Lemma 7.1 for a proof. Thus, as a manifold it is diffeomorphic to S? x S x S2.

An inspection of the list of canonical presentations given in [8] (see also [4, Table 1]) combined
with the results of [18, p. 81], allows us to obtain the canonical presentations for all compact,
connected, simply connected, spin non-symmetric almost effective homogeneous 8-manifolds. They
are described in Table 1.

More details on the cosets (2) — (4) are given in Section 6, while further presentations of
S3 x 3 x S? are discussed in Appendix A. Notice that the spaces (3) and (6) — (8) are all simply-
connected homogeneous nearly Kahler manifolds.

5. PROOF OF THEOREM A

In this section, we study the existence of Spin(7)-structures on the spaces appearing in Table 1
using the topological characterization of Proposition 2.2. Since all of these manifolds are orientable
and spin, we only need to examine the constraint

8x(M) = dp2(M) — pi(M). (5.1)
Recall that for a compact, connected, oriented 8-manifold M, the following identity holds (cf. [32])

1
o(M) = —{Tpa(M) — p3(M), [M]), (52)
where o (M) is the signature of M, namely the signature of the quadratic form associated to

Q: HYM,R) x H*(M,R) - R, (a,8)— (aUpB,[M]) = /Ma/\/i’,

and [M] € Hg(M,Z) is the fundamental homology class defined by the orientation. Moreover, the

A-genus of M is given by
A 1

A(M) = %(719%(]\4) — 4pa(M)). (5.3)
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M8 canonical presentation G/H

SU(3)
{e}

(1) | SUB)
SU(2) x SU(2) x SU(2)

2) | S*xS*xS? | Crym = U0 , k>4>m>0, k>0, ged(k,f,m) =1
0 |5 xng | SR AS;S?Q )>< SU(2) _ SUU((IZ))

(4) | S5 gp x S 288 « SU(2)

(5) | Sp(2)-full flag ST‘;EQ)

6) | F* x § STL;(?’) x suu((12))

(7) | CPsomy < §° sp(f)p%a) SUU((12))

(8) | Sl x&° 55(23) x SUU((12))

TABLE 1. Canonical presentations of compact simply connected spin almost effec-
tive non-symmetric homogeneous 8-manifolds.

Assume now that M3 is also spin and let us denote by ¥ its spinor bundle and by D9 : I'(X) —
I'(¥) the Dirac operator associated to a Riemannian metric g on it. Then, ¥ decomposes as
> = %7 @& X7, and one can consider the index of the (half) Dirac operator D : I'(X1) — I'(¥7),
which is given by ind(D¥) := dimker(D? ) — dim coker(D%). By the Atiyah-Singer Index Theorem,
ind(DY.) coincides with the A-genus, i.e., ind(D%.) = (A(M),[M]). Moreover, if M admits a metric
of positive scalar curvature, then A(M) = 0.

Let us now prove part a) of Theorem A.

Proposition 5.1. Among the manifolds described in Table 1, only those appearing in the first four
rows admit Spin(7)-structures.

Proof. By [12, Sect. 7], we know that SU(3) admits Spin(7)-structures. Let M be one of the
manifolds (2) — (4) of Table 1. As M is a product of spheres with at least one of odd-dimension,
it is parallelizable by [19] (see also [29]). Consequently, it admits Spin(7)-structures. Explicit
examples of admissible 4-forms can be easily expressed in terms of a global coframe {e%, ... €7}
providing the absolute parallelism.

We now prove that the remaining spaces of Table 1 do not satisfy the relation (5.1). Indeed,
apart from the full flag manifold Sp(2)/T2,,., they are all products of the form M = X% x S?,
where X6 is a 6-dimensional compact homogeneous nearly Kihler manifold. Therefore, it is easy
to see that they satisfy p}(M) = pa(M) = 0, but their Euler characteristic is non-zero, since
they are quotients of Lie groups of the same rank. For the same reason, the full flag manifold
M = Sp(2)/T2,_ has x(M) # 0. Moreover, o(M) = A(M) = 0, and by (5.2) and (5.3) we deduce

that p?(M) = pa(M) = 0. Thus, none of these manifolds satisfies (5.1). O

We now prove part b) of Theorem A.



8 DMITRI ALEKSEEVSKY, IOANNIS CHRYSIKOS, ANNA FINO, AND ALBERTO RAFFERO

Proposition 5.2. The 8-dimensional compact, simply connected, symmetric spaces admitting
Spin(7)-structures are exhausted by the Lie group SU(3), the product of spheres S* x S3 x S? and
S x S3, the quaternionic projective space HP? and the exceptional Wolf space %.

Proof. Since an 8-manifold admitting Spin(7)-structures is spin, we can focus on the list of compact
simply connected spin symmetric spaces [11]. Up to a finite cover, we have to consider the following
spaces

~SU(3) x SU(3) 3. 3.2 _ S0(4) SO(4) _SU(2)
SU@) = ASU) STHETXET = 553) *s0() < uq)
SU(2)\ ™ SO(5) SU(2) SU(2)
2.2, Q2. Q2 _ 4.,Q2,Q2 _
STx ST xS xS = (U(1)> ) STxS xS SO(4)X U() X Ul
SO(6) SU(2) x SU(2)
4y _ + (6 5.,Q3 _
Gry(C*) = Gri ()IR{ )s o S° xS = SOES; X (A)SU(Q) ,
Sp(2 SU(2 SO(5 SO(5
3 2 _ 4, Q4 _
CEXS™ = ) v SIS = o) x so§4))’
Sp(3 SO(7 SU(2
2 6. Q2 _
T seasn T T som U
S8 — SO(9) Go
- SO(®®)’ SO(4)”
Among these spaces, only SU(3), S3 x S3 x §?, §% x S*, HP?, and %(%4) satisfy (5.1). For the first
three of them, we have y = 0 = A=0. As for theA quaternionic projective space and the exceptional
Wolf space, they both satisfy x =3, c =1 and A = 0. g

6. PROOF OF THEOREM B

By Lemma 3.2, we know that all compact, simply connected, symmetric spaces cannot admit
invariant Spin(7)-structures. Moreover, an explicit example of an invariant Spin(7)-structure on the
homogeneous space SU(3)/{e} is constructed in [12, Sect. 7]. Thus, we only need to consider the
remaining spaces appearing in part a) of Theorem A, namely

SU(2) x SU(2) x SU(2) Su@3)
U(l)k‘,f,m (m 2 0)’ SU(2)’

SU(2)
In order to simplify the presentation, we examine each case separately.

SU(2) x SU(2) x SU(2)  SU(2)
ASU(2) )

Chom =

6.1. The infinite family Cj ¢ ,,. Let G := SU(2) x SU(2) x SU(2) and

H=U1)kem = {(zk,ze,zm) 1z € U(l)}.

Denote the Lie algebra of G by g := 3su(2) = su(2) @ su(2) @ su(2), and let t be the Lie algebra of
a maximal torus of G. The elements of g can be viewed as (6 x 6) complex block matrices of the
form diag(X,Y, Z), with X,Y, Z € su(2). Up to conjugation, any 1-dimensional subalgebra inside
g is described by a homomorphism

. . ikx 0 ilx 0 me 0
Pim s u(l) = g, iz — diag << 0 —ika:) , < 0 —iEa:) , ( 0 _me>> , k,f,meR.

The image of py, ¢, is the Lie algebra of a closed connected subgroup of G if and only if £, ¢, m € Q.
Moreover, using the Weyl group and the outer automorphisms of G, it is always possible to reorder
the elements of the triple (k,¢,m) in such a way that k > ¢ > m > 0 and k& > 0 and assume that
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all k, ¢, m are integers. The isotropy algebra b is pg ¢, (u(1)) = u(1)g¢m and the Lie algebra t is

given by
s w0 w0 1z 0 )
. {dlag ((0 —i$> ’ (0 —iy> ’ (0 —iZ>> 'x’y’zeR} '

Since the isotropy group H can be mapped by conjugation inside a maximal torus of G, any coset
space of the form (SU(2))*3/U(1) is G-equivariantly diffeomorphic to Cj g, where k, ¢, m are
integers such that ¥ > £ > m > 0 and k£ > 0. Moreover, since we are interested in the simply
connected case, we can assume that the triple (k, £, m) consists of co-prime integers.

Denote by (-,-) the bi-invariant metric on G defined as (A, B) = —2tr(AB) and let m = h* be
the orthogonal complement of b inside g with respect to (-,-). Then, [hym] C mand g=hdmis a
reductive decomposition. Thus, we can identify m with the tangent space T,C}, ¢, of Cy ¢, at the
identity coset o := eH. Let us consider the following orthogonal basis of (g, (-,)):

e1 = diag(o1,0,0), ey == diag(02,0,0),
es = diag(0, 01, 0), eq = diag(0, 02,0),
€5 = dlag(o, 07 01)7 €6 = dlag(o’ 0’ 0-2)’ (61)

er = é diag(mkos, mlos, —(k% + £?)o3), eg = é diag(fos, —kos, 0),
eg = diag(kos, Lo, mos),

1[0 _1/ 01 _L(i 0
=5 i o0) 273\ -10) 730 —i )

cr = Vk? + 2VEk2 + 2 + m?2, and cg := Vk? + 2. Notice that (e;,e;) =1, forall i =1,...,8, and
that (eg,eq) = k? + £2 + m?. Moreover, h = spang{eg} and m = spang{ey,...,es} = RS

where

Proposition 6.1. The space Cyom = G/H, with k > £ > m >0, k > 0 and ged(k,{,m) = 1,
admits G-invariant Spin(7)-structures if and only if k — ¢ —m = 0.

Proof. Let us denote by {E;; : 1 < i < j < 8} the basis of s0(8) given by the skew-symmetric
matrices F;; with —1 in the (4, j)-entry, 1 in the (j,¢)-entry and zeroes elsewhere. The orthogonal

transformation y.(eg)|m € so(m) is given by x«(e9)|m = —kE12 — {E34 — mFEsg, since
ad(eg)e; = —kea, ad(eg)es = ke, ad(eg)es = —ley, ad(eg)es = Les, (6.2)
ad(eg)es = —meg, ad(eg)eg = mes, ad(eg)er =0, ad(eg)eg = ’

Thus, the isotropy action of h on m yields the following subalgebra of s0(8) = so(m):

( 0 kx
—kxz O

0 fYx

ad(h)|m = —tz 0 :zeR

x«(h)

0 0
0 0

7

By using the basis of spin; C sog given in terms of the skew-symmetric matrices E;; (cf. e.g. [5]),
we see that a Cartan subalgebra of spin(7) which occurs as the lift of a Cartan subalgebra of s0(7)
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has the following expression:

= cx,y,z € Ry C spin(7).

0 —(x—y—2)
rT—y—=z 0

\

By comparing x«(h) with t3, we see that the action of h on m is equivalent to the action of t3 on
O ~ R8 if and only if k — £ —m = 0. Consequently, C ., admits invariant Spin(7)-structures if
and only if k = £+ m. g

Explicit examples of invariant Spin(7)-structures on Cyyy, ¢, Will be given in Section 7.1. In the
next two examples, we describe some special spaces belonging to the family C /..

Example 6.2. For £ = ¢ = 1 and m = 0, the space C} 1 coincides with the direct product
(SO(4)/S0O(2)) x SU(2) = V42 x S?, where we recall that Vyo = S* x§? (cf. [27]). Here, the
1-dimensional Lie subalgebra u(1);; C 2, where t* is a maximal torus of SO(4), corresponds to
the diagonal embedding of u(1) in s0(4), and the existence of an invariant Spin(7)-structure follows
from the inclusions u(1);; C % C t3.

Example 6.3. Consider the direct product of the group manifold SU(2) x SU(2) = Spin(4) with
the homogeneous space S* = SU(2)/ U(1),

SU(2) x SU(2) " SU(2)
{e} uQ) -
The isotropy algebra is given by b := {0} @ u(1) = u(1), and the corresponding isotropy action
is effective. In particular, y.(u(1)) acts trivially on the tangent space of G'/H' = SU(2) x SU(2),
while U(1) sits diagonally inside SU(2) it induces an irreducible representation when restricted to
Tey»G"/H". Thus, this manifold belongs to the family C ¢, for k = 1 and £ = m = 0, and we
have the obvious diffeomorphisms
SU(2) x SU(2) " SU(2)
{e} u(1)

The reductive decomposition of g = su(2) @ su(2) @ su(2) is

M=G/H=C'/H xG"/H" =

= C1,00 = C100=Cop-

g=so(4)dsu2) =ul)em, m=ndV =nonal,

where s0(4) = s5u(2)®su(2) = ny®ng = n = T, Spin(4), and U := V2 = [C]r denotes the realification
of the standard representation of U(1) on C. Since the triple (1,0, 0) does not satisfy the condition
k = £+ m, the space M = G'/H' x G"/H" cannot admit any invariant Spin(7)-structure by
Proposition 6.1.

6.2. The Calabi-Eckmann manifold (SU(3)/SU(2)) x SU(2). This space is the direct product
of the homogeneous spaces SU(3)/SU(2) and SU(2). The former is the canonical presentation of
the unit 5-sphere S C C? acted on transitively and almost effectively by the Lie group SU(3) with
isotropy group at (1,0,0) € C? given by

{((1) Sl) €SU@3):Ae SU(2)} =~ SU(2).
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Since the isotropy group SU(2) lies inside SU(3) C G C Spin(7), and since Gy is a maximal subgroup
of Spin(7), the homogeneous space M = (SU(3)/SU(2)) xSU(2) admits invariant Spin(7)-structures.
Explicit examples will be discussed in Section 7.2.

Remark 6.4. The space (SU(3)/SU(2)) x SU(2) is a Calabi-Eckmann manifold, i.e., a complex
homogeneous non-Kéhler manifold diffeomorphic to the product of two odd-dimensional spheres of
dimension greater than two. In particular, it is a torus bundle over CP? x CP!,
U(2) x U(1) SU(3) x SU(2) SU(3) x SU(2)

SU@) | SU@) x{el U@ xu@)

and, consequently, a C-space with H?(M,Z) = 0 (see [18]).

I

T2

6.3. The space (SU(2) xSU(2) x SU(2))/A(SU(2))) x (SU(2)/U(1)). For the sake of convenience,

from now on we let
SU(2) x SU(2) x SU(2) 6 SO(3) x SO(3) x SO(3)
A(SU(2)) ’ o ASO(3) '

Both manifolds L® and X6 are Ledger-Obata spaces, i.e., of the form (K x K x K)/AK, with K a
compact simple Lie group and AK = {(k,k, k) : k € K}. Moreover, there is a natural isomorphism
between the compact homogeneous space (K x K x K)/AK and the compact semisimple Lie group
K x K. Consequently, the corresponding 8-manifolds are diffeomorphic to Ci 0 = Spin(4) x S2.
Notice however that L® x (SU(2)/U(1)) does not belong to the family Cj ¢ .

Since SU(2)/Zy = SO(3), the effective coset X¢x (SO(3)/SO(2)) is covered by the almost effective
simply connected coset L®x (SU(2)/U(1)). Thus, to conclude the proof of Theorem B, it is sufficient
to show that the space X® x (SO(3)/S0O(2)) does not admit any invariant Spin(7)-structure. To
this aim, we will first describe the isotropy representation, and then the space of invariant forms.

Let t=t®edtand At = {(X,X,X): X €t} be the Lie algebras of K x K x K and AK,
respectively. A natural choice of an Ad(AK)-invariant complement of At in £ is given for instance
by (see e.g. [26])

LS =

3
n= {(G1X7a2X,a3X) €t : Xct a €R, Zai:()}’
i=1

and then At = {(aX, aX,aX)ct : X et ac R}. In our case, € = s0(3) = su(2).

Consider on € the bi-invariant metric (A, B) = —(1/2)tr(AB), which is a multiple of the corre-
sponding Killing form. The Lie algebra so(3) can be identified with the span of {Ei9, F13, Fa3},
and the matrices

hi = FEi2 + Es5 + E7g, ho = F13+ FE46 + Er9, h3 = E14+ Es6 + Eg

generate Aso(3) = s0(3). By using the Gram-Schmidt process, we see that an orthogonal splitting
of n with respect to (-,-) is given by

1 1
n=mn; OGng = {al(X,O,—X) : X et a € R} @ {az <—2X,X,—2X> : X et ar € R} ,
where both n; and ny are irreducible. Therefore

e = %(Ew — Erg), €2 = %(EB — Erg), €3 = %(E23 — Eiso)
e4 = —%(Em —2E5 — Erg), e5= —§(E13 — 2By — Erg), €6 = _%(E% — 2E56 — Eso)
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form a (-,-)-orthonormal basis of n such that n; = spang{ei,e2,es} and ny = spang{e,es, 6},
respectively. Let us denote by E the standard representation of so(3). Then, one may identify
ny = E and ny = E/, where E’ denotes another copy of E.

Set now g =t St HtDEt=3tPH ¢t =450(3) = 4s5u(2), and consider the Lie algebra

b= Aso(3) du(l).

This is a subalgebra of s0(8), since Cso(s)(Aso(3)) = U(1) x U(1). Its defining representation is
E® E @ U, where U denotes the standard representation of u(1) on C. Since u(1) sits inside the last
summand of g, b sits inside g and the pair (g, ) induces the 8-dimensional effective homogeneous

space X6 x 2883 Summing up, a reductive decomposition of g = 4so3 is

g=hom m=noU=nodnoU=EQE aU,

where n coincides with the tangent space to X% and U with the tangent space to SJJ(%) at the

identity coset. Moreover, an orthonormal basis of m is given by
{e1,...,e6,e7 = —FE1011, €s = —F10,12}

so that U = spang{e7,es}. The elements {hi, hg, h3} defined above, together with hy = Eq1 12
generate the isotropy algebra h, which acts on m via the isotropy representation as follows

xx(h1)er =0, x«(h2)er = —e3, x«(h3)er = e,

xx(h1)ez = e3,  x«(h2)ez =0, X« (h3)ea = —eq,
Xx(h1)es = —ea, x«(h2)ez =e1,  x«(h3)ez3 =0, (6.3)
X« (h1)es = 0, X«(h2)es = —es, X«(h3)es = es, '
xx(h1)es = es,  xx(h2)es =0, X« (h3)es = —eu,
Xx(h1)es = —e5, x«(ha)es = es,  x«(h3)eg =0,
and
X«(ha)er = —eg,  x«(ha)es = e7. (6.4)

We can now determine the invariant forms.

Lemma 6.5. Let X% x (SO(3)/SO(2)) = G/H. Then, the following hold:

1) the space of G-invariant 1-forms is trivial;

2) the space of G-invariant 2-forms is 2-dimensional and it is generated by wy = e'* + € + €3¢
and wy == €'8;

3) the space of G-invariant 3-forms is 2-dimensional and it is generated by {e

4) the space of G-invariant 4-forms 2-dimensional and it is generated by {w1 A wi,w1 Awa}.

123 456 .
e}

Proof. The assertion for invariant 1-forms immediately follows from (6.3) and (6.4). For invariant
2-forms on X6, we have the equivariant decomposition

(A% = (A% @ (n] Anp) ™ @ (A%n)"
Here, the first and the third module vanish, while from (6.3) we see that the second module is
generated by w;. For the invariant 3-forms on X% we see that only the modules (A3n?)? and

(A%n3)H are non-trivial. In particular, the 9-dimensional spaces A?n% A nj and nj A A%nj do not
contain any invariant element. Now, the claim for G/H follows from the orthogonal decompositions

(RBmH)H — (AP @ (A2 AUDH @ (n* A A2UHH,
(MmHE = (A" @ (A3n* AUHE @ (A%n* A AZUHT.
O
Proposition 6.6. The space X% x (SO(3)/S0O(2)) cannot admit any invariant Spin(7)-structure.
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Proof. We show that there are no invariant admissible 4-forms on this space. Let us consider the
generic Ad(H )-invariant 4-form on m

o = a1(€1245 + 61346 4 62356) + a2(61478 + 62578 + 63678),

where a1,a2 € R. By [17, Thm. 4.3.3], if ® defines a Spin(7)-structure inducing the orientation
e12345678 " then the norm of a vector u = Zle uFe, € m with u! # 0 is proportional to the
determinant of the 7 x 7 matrix (a;;) with the following entries

aij = (ejuus®) A (ejuus®) A (us®)(ez,...,e5), 2<i<j<8.

Considering u = e, an easy computation shows that all a;; vanish. Thus, ® cannot define an
invariant Spin(7)-structure. O

7. EXPLICIT EXAMPLES OF INVARIANT Spin(7)-STRUCTURES

7.1. The infinite family C} ¢ ,,. By Proposition 6.1, the space Cj ¢, admits invariant Spin(7)-
structures if and only if £ = £ + m. In particular, since £ > m > 0 with £ > 0, two different cases
arise, namely

Cotm,t,m, With £ >m > 0, Cor0, With £ > 0.

For these two classes of homogeneous manifolds, the invariant objects (metrics, forms) are different.
Here, we examine the family Cj ¢, = G/H for k > £ > m > 0, where G = SU(2) x SU(2) x SU(2)
and H = U(1)k¢m-. In our computations, we shall keep on using the notation introduced in Section
6.1.

Let mg := bt denote the orthogonal complement of b inside the maximal torus t with respect to
(-,-). The space mg is spanned by {e7,es} and it is an abelian Lie algebra, i.e., [e7, eg] = 0. Thus,
whenever k, £, m € Q, it generates a closed connected 2-dimensional abelian subgroup of T3, i.e., a
2-torus, which we denote by T %,E,m C T3. This induces the 7-dimensional homogeneous space (cf.
27, 31])

Qreom = (SU(2) x SU(2) x SU(2))/T5 . = S® x S x §%,
which is a circle bundle q : Qpem — S*xS*xS? over N6 := SU(2) x SU(2) x SU(2)/T?® =
S? x §% x §2.
Moving to the family Cy ¢, the reductive decomposition described before now reads

g=uL)rrm®m, m=ET,Crrpm=m GmydmgPmy=pdmy (7.1)

where my = spang{ei, ea}, mo = spang{es, e4}, mg = spang{es, e} and p := m; Hmy P mg coincides
with the 6-dimensional tangent space of S? x S2 x S?. In the following, every m;, i = 0,1,2,3, will
be viewed as an Ad(H )-module.

Remark 7.1. When gcd(k, ¢, m) = 1, the simply connected coset Cj, ¢, is a non-Kéahler C-space
in the sense of Wang (cf. [1, 30]), i.e., a simply connected compact homogeneous complex manifold
which is not Kéhler. Indeed, since the integers k, £, m are assumed to be relatively prime, the action

of Hon G
(€, (x,y,2)) = (e™0x, ey, e™z),

is free. Consequently, the projection ¢ : Cyppm — N 6 = S2xS?xS? defines a principal torus
bundle,

Tz,f,mgT3/H — Ck,f,m:G/H ; NGZG/T3:SQXS2XSQ,
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and we have the following diagram:

U(l)k7€7m( T3 )Tz,f,m

T ]

Qrem = S* x§? x §? G = (SU(2))*3 Crim = S? x S x §?

N6 =G/T3 =2 §? x$? x §*

Since Chpm is a T%’e,m—bundle over the (full) flag manifold N6 = CP! x CP! x CP!, it must be a
C-space. Any complex structure Jy on mg is automatically Ad(H )-invariant. Hence, whenever J,
defines an Ad(T?)-invariant complex structure on N6 = G/T3, the endomorphism Jy, :== Jy + Jm,
defines an Ad(H )-invariant complex structure on C g .

In order to describe the set of G-invariant metrics on Cy g, or, equivalently, the space of
Ad(H)-invariant inner products on m, we first need to examine the properties of the modules
m;,i=0,...,3.

Lemma 7.2. Assume that k > ¢ > m > 0. Then, the h-modules mi,ms and mz are pairwise
inequivalent and irreducible. In contrast, mg decomposes into two irreducible 1-dimensional sub-
modules, which we denote by my = spang{er} and ms := spang{es}, respectively. These submodules
are mutually equivalent, and they are not equivalent to mi,mo, ms. Consequently, the orthogonal
Ad(H)-invariant decomposition

m=m PmaPEmsPmg=m; EmePmsPmy Pms
s not in general unique.

Proof. By (6.2), we see that the weights of the adjoint action of H on m = R® are

(exp (:|:2l<:\/j1<p) , exp (:I:%\/jlgp) , exp (iZm\/jlcp) , 1, 1), ¢elo,2n].

Since the isotropy group H acts with different weights on mi, mo, ms, whenever k # ¢ #= m # 0,
it follows that my, ms, and ms are mutually inequivalent. Now, although mq is irreducible under
the adjoint action of T%Lm, it decomposes into two equivalent Ad(H )-invariant submodules, which
are generated by e; and eg, respectively. Moreover, since [h, mg] = 0, we see that Ad(H)|m, = Id.
Hence, my and ms can be replaced by any pair of orthogonal 1-dimensional submodules in my. [

Fix some angle 6 € [0, 27], consider the vectors

ef == cos(h) er + sin(f) es, €5 == —sin(h) e7 + cos(f) e,

and let mf := spang{ef}, m¢ = spang{ef}. Then, the H-module m{ := m & m{ is equivalent to
mg = my @ ms, and the pair {eg, eg} is an orthonormal basis of (mf, (-,-)). Now, as a consequence
of Lemma 7.2, we obtain the following.

Proposition 7.3. Assume that k > £ >m > 0. Let Q be the normal metric on Cy, g induced by
the bi-invariant metric (A, By = —2tr(AB) on g. Then, up to scaling, any G-invariant metric on
Che,m 18 given by

. 2 2 2 2 2
( ) )yl,yz,y3,y4,y5,9 =1 Q’ml T Y2 Q‘mQ + Y3 Q‘ma + Vi Q‘mz + Y5 Q

for some positive real numbers yi,...,ys. Thus, the space of G-invariant metrics on Cy ¢, with
k>/{¢>m >0, is 6-dimensional.

md>
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Let us now examine the spaces of invariant differential forms on Cj, ¢,,. By the general theory
of C-spaces described in [1], we can construct an equivariant isomorphism

¢ u(Dkem = Zg(u(Dkem) — H*(M,R),
from which we deduce that H?(Cygm,Z) = Z. This also follows from the exact sequence (see
1, 18
i HY(T?,72) =2 7* — H*(NS,Z) = 7° — H*(M,Z).
In more geometric terms, any element { € mg + Cy(h), where Cp(h) denotes the centralizer of the
isotropy subalgebra b in p = T¢(,) N 6 =T, c(0)G /T3, induces an invariant 1-form form & and moreover
an exact invariant 2-form d & on Cj ¢,,. Since Cy(h) is trivial, there is a bijection

gemy — & (Mm)H = (mf) = m.

This means that x«(eg)(e”) = 0, x«(e9)(e®) = 0, i.e., the dual 1-forms €7, €% of e7,es induce G-
invariant 1-forms on Cj, ¢ ,,. The same holds true for the dual 1-forms
eg = cos(f) e’ +sin(f) e®, €5 = —sin(f) e’ 4 cos(0) €%,

and their wedge product satisfies the relation eg A 69 = e” AeB. On the other hand, (6.2) gives

X ( Z X« (eg)e )ej =— Zel (X*<69)€j)€j = —¢! (X*(eg)€2)62 = —ke?,
Jj=1 J
and, similarly,

xx(e9)e? = kel, xuleg)e® = —let) xu(eg)e? = Le, xu(eg)e® = —me®, xi(eg)e® =me®.  (7.2)

Thus, a basis for the space of invariant 1-forms on Cj ¢, when k > ¢ > m > 0, is given by {e”, €8}.

For the invariant 2-forms on C}, ¢, we obtain the following.

Lemma 7.4. If the integers k, ¢, m satisfy k > £ > m > 0, then the space of G-invariant 2-forms
on Cie.m s 4-dimensional and it is generated by the 2-forms {el? €34, e%6 ™8},

Proof. By the orthogonal decomposition m = p ® myg = my & me G m3 D mg, one obtains the
orthogonal decomposition

* * H * * * *
(A*m") T = (A% (p @ mg)") " = (M%) @ (p* Amp)T © (A°mg) ",
where (A%p*)" = (A’m])? @ (A’m3)” @ (A°m3)" © (mf Am3)” @ (mf Am)T @ (m Am3)T . Tt is
easy to see that the 2-forms e'?, €34, %0, and e are Ad(H )-invariant. In particular
(A*m}) = spang {e'?}, (A’m3)" = spang{e'}, (A*m3)" = spang{e®*}, (A*m§)" = spang{™}.
Moreover, an element of the triple (k, £, m) is non-zero if and only if the H-module (p* Amf)H =
(p Amg)H vanishes. This follows from the relations

)(*(69)6;7 = —k1€277 X*(€9)€4; = 1e’T, X*(eg)eig = —7416287 X (eg)e™ = L€,
Xx(e9)e*” = kel™,  xuleg)e®” = —me®, xu(eg)e® = ke,  xu(eg)e™ = — —me®,
Xx(€9)e®™ = —LeT, xu(eg)e® =me®,  xu(eg)e™ = —Le®®, xi(eg)e® = me®®.

For the remaining mixed terms corresponding to the modules (mj Am3), (mj Amj) and (m Amj),
one similarly computes

xx(eg)e!® = —ke? — lelt, y.(eg)e!® = —ke? —me'l, y.(eg)e® = —Le?D — meS,
Yx(eg)e? = ket +0e?3,  y.(e9)e?® = ke'® 4+ me?,  y.(eg)e® = £e35 + me®
Ys(eg)e!t = —ke? 4+ lel?) y.(eg)e'® = ke + mel® y.(eg)e3 = —let + me3d,
xx(e9)e? = ke'® —le®t)  y.(eg)e® = ke!® —me?,  y.(eg)e® = (e — meiS
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Using these results, we see that as long as k # ¢ # m and k, £, m are non-zero, there are no further
Ad(H)-invariant 2-forms. O

Remark 7.5. Up to scaling, the 2-forms e'2, €34, €% are the unique U(1)-invariant Kéhler forms on

the corresponding factors SU(2)/U(1) of the product S* x §? x §2. By Proposition 7.4, it follows
that the 2-form wy = wp + Wy, = el? 4 3% 4 656 4 €78 ig the fundamental 2-form associated to the
invariant complex structure Jy = Jp + Jin, discussed in Remark 7.1, with wy, = ™. Of course, wy
is not Kihler, since de™ # 0 (cf. Appendix B).

We can now discuss the invariant 3-forms on Cj, ¢ ,,. As we will see below, the condition k = £+m
appears in a natural way.

Lemma 7.6. Assume that the integers k, €, m, with k > £ > m > 0, satisfy k —{ —m = 0. Then,
the space of G-invariant 3-forms on Coim ¢m is 8-dimensional and it is generated by the 3-forms

e1277 6128, 6347, 6348’ 6567, 6568, (7_3>

and

135 146

X :=e€ —e +€245

+ 6236 oy = 136 + 6145 + 6246 o 6235 ) (74)

Proof. Since m = p & mg, we obtain
H
() = (B emo)) = (%) & (A% A m) @ (p° A A"

The 3-forms given by (7.3) are invariant, independently of the condition k —¢—m = 0. T hey occur
by considering the wedge product of the invariant 2-forms e'?, €34, €0 with the elements ¢’ and e?,
which span (m$) = (mg)¥ = my. Thus, they span the 6- d1mens1onal factor (AZp* A mg)H. We
mention that the invariant 3-forms ezﬂ = e Ael and 6”8 = e A ef, for ij € {12,34,56}, do not
induce new forms. Now, for generic non-zero k, ¢, m, the thlrd module (p* /\AQmO) vanishes, since
X*(€9)€178 — _k€278’ X*(€9)6278 — k‘e”g, X*(€9)€378 — 56478
X*(€9)€478 — 56378, X*(eg)€578 — —m€478, X*(€9)6678 — m€578
Let us now consider to the first factor. Due to the orthogonal decomposition p = my & mo G mg,
one has

(AT = (A*miAm3)T © (A’m] Am5)T @ (A%m3 A m3)
omi AN mH)T @ (mf A A?mE)H @ (mh A A2m3)H @ (mf Amj AmE)H .
First, we show that for non-zero k, ¢, m, the first 6 modules vanish. Indeed, note that

A’mi Amj = spang{e'?3 e!?} | mi A A%m} = spang{e!3*, €234}

)
A?m? Am} = spang{e'®,e!?6} | mi A A%2m} = spang{e!6, €276} |
A%mi Am} = spang{e3*?, 40} | m3 A A?m} = spanp {376, 470} .
Computing the action of x.(eg) on the 3-forms appearing above, we see that for non-zero k, ¢, m,
none of these 3-forms or any linear combination of them belong to the kernel of the isotropy action

of H. Let us finally prove that the condition k¥ — ¢ — m = 0 is equivalent to
(mi Amy Ami) T = spang{o, ao}.

This module is independent of the rotation that one may apply to mg. Moreover, mj A mj A mj; =
spanR{el35, 145 (186 o146 ;235 245 (236 6246} and

Xi(€9)(x1) = (k=€ —m)oz, Xxs(eg)(ox2) = —(k =€ —m)oy,

which shows that o, 00 € (Am*)¥ if and only of £ — ¢ — m = 0. Finally, it is easy to see that
these invariant 3-forms constitute a basis of (A*m*)H if and only if k = £ + m. O

Combining Lemmas 7.4 and 7.6 allows us to describe the invariant 4-forms on Cyqp, ¢.m-
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Lemma 7.7. Assume that the integers k, £, m, satisfy k — ¢ —m =0, with k > £ > m > 0. Then,
the space of G-invariant 4-forms on Cyym ¢m is 10-dimensional, and it is generated by the 4-forms

61234 61256 61278, 65678, 63478, 63456

) Y Y

and

Bii=agAe’, Br=oaAe’, Gi=oaxNe, (o=—-xAe
where a1 and &g are the invariant 3-forms described in (7.4). Note that B2 and (o are obtained by
applying the Hodge star operator of the bi-invariant metric {-,-) to B1 and (i, respectively.

Proof. By the splitting m = p © mg, we obtain the Ad(H )-invariant orthogonal decomposition
H

(Mm) T = (A pom)*) =
The module (A%p* A A?m¥)H is generated by the invariant 4-forms e'278, €347 and €578 which are
obtained by wedging the 3-forms given in (7.3) with the generators of my. Consider now the second
summand (A3p* Am#)H. We can argue in a similar way as we did for (A3p*)H. In detail, we know
that A3p* Amj splits into a direct sum of seven subspaces, and it is easy to see that any isomorphism
mg =~ mg does not contribute with further summands. An inspection of each subspace allows us
to conclude that only one of them contains elements belonging to the kernel of the isotropy action
when k = £ + m, namely m] A mj A m3 A mg. More precisely, we have

)H

A @ (A3p* Ami) T @ (A2p* A A2m))H. (7.5)

(mi Ams Ami Amy)E = (mf AmsAmSHE A (m)H = spang{og Ae”, 00 Ae, an Ae”, an Aed).

This immediately follows from the identities
X«(e9)B1=(k—L—m)C1,  X«(e9)B2=(k—L€—m)Cs,
X«(€9)C1 = —(k =€ —m)B1, X«(e9)C2 = —(k—£—m)Ba.

To conclude the proof, we have to examine the first module (A*p*)¥ in (7.5). It decomposes as
follows:

(Atp)H = (A%mi A A2m3) T @ (A%m) A A2m3)H @ (A%mh A A%mE)H
BN mE Ams AmHT @ (mi A A2mE AmE)T @ (mI AmsAAZmE)H
where the first three modules are 1-dimensional and generated by e'234, e1256 ¢3456 regpectively.
A direct computation shows that the remaining modules are trivial. O

From the above proposition, we obtain the following.

Corollary 7.8. Consider the homogeneous spaces Cy, ¢, with k > £ >m > 0. Then, the 4-form
O — 12344 1256 _ 1278 | 1357 | 1368 | 1458 _ 1467
1 eB078 | B4T8 _ 3456 | 2468 | 2457 _ 2358 , 2367 (7.6)

is invariant if and only if k—¢—m = 0. Whenever this condition is satisfied, ® induces an invariant
Spin(7)-structure on Crym, om.-

Remark 7.9. Due to the results of Appendix B, it is straightforward to check that there are no
invariant closed 1-forms on Cj ¢, as long as the integers k, ¢, m satisfy k > ¢ > m > 0. Thus, this
homogeneous space cannot admit any invariant l.c.p. Spin(7)-structure.

We now describe a 5-parameter family of invariant Spin(7)-structures on Cyyp, ¢, inducing the
most general invariant metric (1, )y, yoys.waws = (> Jyr.yzus.waus,0 adapted to the reductive decom-
position m = m; @ my G mg & mp, with mg = my @ my (cf. Proposition 7.3). The choice § = 0 for
the summand mg is just a matter of convenience, as it simplifies the computations afterwards.
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Proposition 7.10. The 4-form

. 4 4 4
Oy pgspns = Vv Hytyie® —y3ude® ™ — yluayse™™ + y3yayse®™ + yFyayse™™
+Yy192y3Y1 B1 + y192Y3y5 B2,
where y1, ..., Ys, are positive real parameters, defines an invariant Spin(7)-structure on Coypm p.m, ¢ >
m > 0. It induces the metric (, )y, yoys,yaws, 00d its Lee form is given by
2 2,2 2,2 2, 2y,2, 2 20,2, 2 2,2 2,2\, 2 2
Yurwewsvss = 7o (ﬁm(yzyg — Y1y + 6yry2)yays +m”(y3ys + vy + 4Yiy3)v2Ys
2(2l +m)
120273 + 203 303 ) € - B (202 + wd)u3uud) €,

where ¢; and ¢g are obtained by setting k = £ + m in the expressions of ¢y and cg, respectively. In
particular, the Spin(7)-structure is always of mized type.

Proof. 1t is clear that the 4-form @, y, s 4445 18 invariant and admissible and that it induces the
metric (, )y,,..ys. For brevity, we denote by  the corresponding Hodge operator. Recall that the
Lee form is given by

1
Dy o3 94,05 = 7 * (xdDy; yo ysyaws A Poyr o, ys,yanws)-

Using the results of Appendix B together with the definition of the Hodge operator, we obtain
the expression of ¥y, y, ys.44.ys described above. To determine the Ferndndez type of this Spin(7)-
structure, it is sufficient to observe that the Lee form is never closed (cf. Remark 7.9), and that the
condition Yy, ys,ys,44,y5 = 0 is equivalent to a system of two polynomial equations in the variables
Y1, ---,Ys5,£, m, which has no solutions under the constraints £ > m > 0 and y; > 0,i=1,...,5.
Thus, the Spin(7)-structure is of mixed type. O

Corollary 7.11. The invariant Spin(7)-structure defined by the admissible 4-form ® = ®; 1 on
Cotmyem, with £ >m >0, is of mized type and its characteristic connection V coincides with the
canonical connection V° with respect to the naturally reductive structure induced by g == (, )1,..1-
In particular, its torsion form is parallel, i.e., VI = 0.

Proof. We already know that the 4-form ® defines a Spin(7)-structure of mixed type and it induces
the normal metric g := (', )1,...1. The homogeneous space (Ck,gym, g) is naturally reductive. Conse-
quently, the canonical connection V° has totally skew-symmetric torsion (cf. [33]). Moreover, since
® and g are G-invariant, they are both parallel with respect to V° (see e.g. [20, Ch. X, Prop. 2.7]).
Thus, the connection V° must coincide with the canonical connection V by the uniqueness of the
latter [15, Thm. 1.1], and the G-invariant torsion form 7" is V-parallel.

Using the results of Appendix B, we can easily compute the expression of the torsion form,
obtaining
T:*dé—%*(ﬁ/\@) :_Melw_ﬁems_@6347+M6348+w6567

Cr Cs Cr Cs Cr ’

where ¢; and ¢g are obtained by setting k = £ 4 m in the expressions of ¢7 and cg, respectively. [

7.2. The Calabi-Eckmann manifold (SU(3)/SU(2)) x SU(2). Let G = SU(3) x SU(2) and
H = SU(2). M = G/H is a direct product of prime homogeneous spaces, hence a reductive
decomposition of the Lie algebra g = su(3) @ su(2) is given by

g=hodm, m=npR>
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Clearly, n coincides with the tangent space of SU(3)/ SU(2) at the identity coset, and R3 = T, SU(2).
Let us now consider the following basis of su(3)

0 -1 0 0 i 0 0 0 1 00 4

e ‘= 1 0 0, 622:’i00, €3 ‘= 0 00,642: 000,
0 0 0 000 -1 0 0 i 0 0
2 0 0 00 0 0 0 0 000
65:% 0 — 0], wg=|(0 43 0], up=|0 0 1), ug:==|(0 0 4
0 0 —i 00 —i 0 -1 0 0 i 0

With this choice, the isotropy subalgebra b is generated by the triple {ug, u7,us}, and {ei1,...,e5}
is a basis of n = V@R, where the module R is spanned by e; and V = H = spang{ei, e2, e3,e4} =
spang{1,1i,j,k}. Moreover, it is easy to check that this su(3)-basis is orthonormal with respect to
the bi-invariant inner product

1
(X,)Y) = —5 tr (XY). (7.7)
From now on, we shall identify V = V* via the quaternionic metric on V = H. A basis for the

tangent space m is given by the union of {ey,...,e5} with a basis {eg, e7,eg} of T, SU(2) = su(2).
The latter may be chosen as follows

10 i _1(0 -1 _1/(=i 0
€ ‘— B Z 0 y 67.—2 1 0 N 68.—2 0 Z s
so that [eg,e7] = es, [es,es] = —er, [er,es] = eg. Since m = n @ R® and the action of H on
SU(2) = S? is trivial, we have
[ei,ej]zoz[uk,ej], Vi:1,...5, k,j:6,7,8.

Of course, e5 is also invariant under the isotropy action, i.e., [ug,e5] = 0 for any k& = 6, 7,8, while
on V we have

X«(ug)er = e2, xx«(us)ea = —e1, X«(ug)es =es,  Xx«(us)esa = —es,
xx(ur)er = e3, X«(ur)ea = —eq, x«(ur)es = —er  x«(ur)es = ez,
xx(ug)er = es, X«(ug)ea =e3,  x«(ug)ez = —ea, x«(ug)es = —e1.

Hence, in terms of skew-symmetric matrices I;; we obtain the orthogonal transformations

X (u6)lm = B2 + Es4, X«(u7)|m = E13 — Eas,  X+(ug)|m = F1a + Eag.

We are now ready to describe the space of G-invariant forms on M. As before, we shall denote
by e* € m* the dual of ey

Lemma 7.12. The spaces of G-invariant k-forms on M = (SU(3)/SU(2))xSU(2), fork =1,2,3,4,

have the following dimensions:
dim (A'm*)) =4, dim (A’m*)") =9, dim ((A*m*)) =16, dim ((A*m*)") = 20.
A basis of each space is described in the proof.

Proof. From the above description of the isotropy action, we immediately see that (A'm*)¥ is

spanned by {e,ef,e”, e¥}.
Let us consider the space of invariant 2-forms. Since m = n®R3 is an orthogonal Ad(H )-invariant
decomposition, we obtain the invariant splitting

(AQm*)H — (AQn*)H D (Aln* A R?)) D (A2R3)H,
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where we identify R? = (R3)*. Obviously, the second module is spanned by {e®%, e, ¢}, and the
third one by {e%7,¢58 €™}, Thus we are left with

(A0 = (A2V)H g (VAR)H .
The summand (V AR)# is easily seen to be trivial, while for the first summand we recall that
A2V = A’H = s0(4) = sp(1)T @ sp(1)” = spang{e'?, '3, e} @ spang{e®3, e, €31} .
Then, a direct computation shows that a basis of (A% V) is given by {612 —e3 eld p et e 623}.
Let us now consider the space of invariant 3-forms
(APm) = (A3n*)H o (A0 ARHT @ (Aln* A AZR3H @ (APR3)H |
The last two summands are generated by {6567,6568,6578} and {6678}, respectively. The second
summand is spanned by {el% — 3k l3k 4 24k oAk 023k p— 6 7, 8}. Thus, it has dimen-
sion 9. Finally, we have
(A" = (A3V)F @ (A2VAR)H |

where the first summand is trivial, while a basis of invariant 3-forms for the second summand is
given by {6125 — 30 o135 245 145 6235}. Summing up, the space of invariant 3-forms on

M? is 16-dimensional.
As for the H-module (A*m*)# | we have

(AMmH) = (A" @ (A3n* ARDHT @ (A%n* A AR @ (ATn* A ASR3)H
The second and the third module are both 9-dimensional. A basis of (A3n*AR3)H = (A3n*)H A (R3)H

is given by
{61251: _ B0k 135k 245k 145k 235k . g 6,7,8} ,

and a basis of (A%n* A A2R3)H = (A2n")H A (A2R?)H s
{(612 —634) Aa, (613+€24) Aa, (614 —623) ANa : o= 667,668,678}

The fourth module is 1-dimensional with generator {€*7}. Also, (A*n*) = (A*V)H @ (A3 V AR)H

1234}

where {e spans the first summand, while the second one is trivial. This finishes the proof. [

Using the basis of invariant 4-forms, we obtain the following.

Corollary 7.13. The 4-form
O = 1234 1256 _ 1278 | 1357 | 1368 | 1458 _ 1467

+65678 + 63478 _ 63456 + 62468 + 62457 _ 62358 + 62367
induces a G-invariant Spin(7)-structure on (SU(3)/SU(2)) x SU(2).

Remark 7.14. Using the Koszul formula, it is straightforward to check that there are no G-
invariant closed 1-forms on M = G/H. Thus, we deduce that the Calabi-Eckmann manifold
(SU(3)/SU(2)) x SU(2) cannot admit any invariant l.c.p. Spin(7)-structure.

Now, we shall construct a family of invariant Spin(7)-structures inducing the general invariant
metric on M = G/H. To this aim, we first study the space of G-invariant Riemannian metrics
on M or, equivalently, the space of Ad(H )-invariant inner products on the reductive complement
m. Recall that the decomposition of m into inequivalent irreducible H-modules is given by m =
VoR@®R3, with H acting trivially on R? 2 su(2). Consequently, an Ad(H )-invariant inner product
g on m must be of the form

g=t ol +8 )+ h
where (-,-) is the inner product on su(3) given in (7.7), ¢;,t2 € R*, and h is an inner product
on R? 22 5u(2) corresponding to a left-invariant Riemannian metric on SU(2). It follows from [24]
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that there exist suitable real parameters 0 < t3 < t4 < t5 for which (SU(2),h) is isometrically
isomorphic to SU(2) endowed with the left-invariant Riemannian metric induced by the following
inner product on su(2)

higtags =15 (8 @e®) + 15 (" ®@e") + 12 (¥ @ €®).

In particular, the canonical bi-invariant metric on SU(2) corresponds to hy 1 1. The general invariant
metric on M is then given by the inner product

Gty tats tats = t% <'a '>|V4 + t% <'v >‘R + ht37t4,t5'

In a similar way as we did for C, ¢, it is now possible to show the following.

Proposition 7.15. On the Calabi- Eckmann manifold (SU(3)/SU(2))xSU(2), the invariant Spin(7)-
structure given by

By ytotnts = 1B 2ty (1256 B90) g2y 40 (BUTE  12T8) |24, (1357 4 2457
2t (e1305 1 e2408) (24010 (198 L o2358) 4214 (2367 _ 1467
+otstatse®0™,

induces the general invariant metric gy, .. 5, and it is of mized type with Lee form

1 <2t2 (B+13+8) 5 4Vt (24 +13) es) ‘

9 =-—c
t1,t2,t3,t4,t5 7 tstats t%tQ

Arguing as in the proof of Corollary 7.11, the next result immediately follows.

Corollary 7.16. Let ® denote the invariant Spin(7)-structure on G/H = (SU(3)/SU(2)) x SU(2)
obtained by setting t; = 1, for alli = 1,...,5. Then, the homogeneous space G/H endowed with
the metric induced by ® is naturally reductive, and its canonical connection V° coincides with the
characteristic connection ¥V of ®. In particular, the torsion of V is given by

T = _\/3(6125 o 6345) + 6678,

and it is V-parallel.

APPENDIX A. PRESENTATIONS FOR S? x S* x §? NOT INCLUDED IN THE FAMILY C ¢,

The 8-manifold S? x S? x S? has several different presentations as homogeneous space. For ex-
ample, in Section 6.1 we analysed the pair (g = su(2) @ su(2) & su(2),h = u(1)¢,mn) which induces
the family Cy .. As a manifold, Cy ¢, is diffeomorphic to S? x §% x S?, and any homogeneous
space of the form (SU(2) x SU(2) x SU(2))/U(1) is equivariantly diffeomorphic to Cy ¢,,. We also
discussed some special cases in Examples 6.2 and 6.3.

In this appendix, our goal is to discuss the presentations of S* x S x S? which are not included
in the family Cj, ¢, and which are still (almost) effective and simply connected.

Since the symmetric spaces (SO(4)/SO(3)) x (SO(4)/SO(3)) x (SO(3)/S0O(2)) and (SU(2) x
SU(2)/ASU(2)) x (SU(2) x SU(2)/ASU(2)) x (SU(2)/U(1)) coincide, the isometry group of the
symmetric Riemannian product S* x S* x S? is 15-dimensional. Consequently, we can focus on
compact Lie algebras g with smaller dimension. Moreover, as we are interested in invariant Spin(7)-
structures, we restrict our attention to the case rkh < 3 = rkspin(7). In Table 2, we list all
non-symmetric pairs (g, h) satisfying the above constraints and which are different from (su(2) ®
su(2) @ su(2), u(1)k,em)-

Remark A.1. In addition to the pairs considered in Table 2, one may also consider a fifth case
with dimg = 14, i.e., g = su(2) & su(2) & su(2) ®su(2) @ u(1) ®u(l). However, this corresponds to
the isotropy algebra h = su(2) & u(1l) ® u(1) & u(1), which has rank bigger than 3.



22 DMITRI ALEKSEEVSKY, IOANNIS CHRYSIKOS, ANNA FINO, AND ALBERTO RAFFERO

dimg g §] rkb | dimb
(i) 10 su(2) ®su(2) @ su(2) & u(l) u(l) ¢ u(l) 2 2
(i) | 11 | su(2)®su(2) ®su(2) du(l)du(l) | u(l)du(l)du(l) | 3 3
(iii) | 12 su(2) @ su(2) @ su(2) & su(2) Asu(2) @ u(l) 2 4
(iv) | 13 | su(2) ®su(2) dsu(2) dsu(2) du(l) | su(2)du(l)du(l) | 3 5

TABLE 2. Pairs (g, ) inducing non-symmetric homogeneous spaces covered by S3 x §% x §2.

To obtain the list appearing in Table 2, one has to consider pairs (g, h) of the form
= su(2)® @ u(1)® @ su(2) = su(2)®@H) g u(1)%?,
b = su(2)®® e u(1)® @ u(l) = su(2)® @ u(1)),

with @ = b+ 2, p = ¢, and such that the extra factor u(1) of b sits diagonally inside the extra factor
su(2) in g (this always induces S?). Although p = ¢, here we use different indices for the summands
u(1)®P and u(1)® to emphasize that the abelian factor of h does not coincide with the abelian
factor of g. The pairs appearing in Table 2 correspond to the following values of the parameters

Case (i) a=2,b=0, p=gq=1, Case (i) a=2,b=0,p=q=2,
Case (iii)) a=3,b=1, p=gq=0, Case (iv) a=3,b=1, p=qg=1.

Let us examine Case (i) in detail. Here, the first factor of b sits diagonally inside t> @ u(1), where
t? is a maximal torus of su(2) @ su(2). In this case, the pair (g, b) is almost effective and it induces

the coset G/H = SU(Q)XEJL(JS U)o SUU(%), which is simply connected. To see this, it is sufficient

to prove that the space M; = (SU(2) x SU(2) x U(1))/U(1) is simply connected, as G/H is the
product of this coset with the simply connected space My := SU(2)/U(1). The principal circle
bundle

U(1) -2 SU(2) x SU(2) x U(1) = M; = (SU(2) x SU(2) x U(1))/ U(1)

induces the exact sequence
m1(U(1) 25 11 (SU) x SU@) x U(1)) % mi (M) -2 mo(U(1)) = {1,

which reduces to Z - 7 —% w1 (M) 9, 1. Since ker 7y = Imjy = Z, the map 7y must be trivial,
whence 71 (M) = ker 0 = Immy = {1}. Thus, M; is simply connected.

Let Gp :=SU(2) x SU(2) x U(1) and H; := U(1), so that M; = G1/H;. Consider the universal
covering 7 : G4 — Gy of Gy and H; = 7#~1(Hy). Then, we obtain the equivariant diffeomorphism
G1/H, = G1/Hy, from which it follows that Gy /H; = SU(2) x SU(2), i.e., G1/H] is covered by
S3 x §3 = SU(2) x SU(2). Consequently, G/H is covered by S* x S* x S§2. More generally, we have
the following.

Proposition A.2. Any simply connected coset G/H induced by a pair (g,h) in Table 2, is covered
by SU(2) x SU(2) x S?, which is diffeomorphic to S* x S* x 2.
APPENDIX B. DETAILS ON THE INFINITE FAMILY CY ¢,

Here, we collect some useful computational details related to the family Cj,,, with k,£,m
coprime integers satisfying £ > ¢ > m > 0 and k£ > 0. The notations used in this appendix are
those introduced in Sections 6.1 and 7.1.
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Let &g := é eg, where cg = \/(k2 + 2 + m?), and let {eq,...,es} be the (-, )-orthonormal basis
of m given in (6.1). The non-zero Lie brackets of the basis vectors are the following
km 14 k km l
[e1,62] = ———er — —eg— — &9, len,er] = ——ea, e, e8] = — e,
Ccr Cc8 C9 ¢y cs
m k l km 14
[63764] = ——e7+ —eg — — €y, [62,67] = ——e€y, [82,68] =——e¢,
7 cs C9 cr s
(k% + ¢2) m _ im k
[65766] = ——— €7 — — €y, [63,67] = — ey, [83,68] = —— ey,
€7 €9 Cr cs
k2 + 62 ém k
[65767] = —g €6, [64,67] = —— eg3, [64,68] = —e3,
C7 cr cs
K+ 02
[e6, e7] = W),
cr

where c7 = /(k2 + £2)(k2 + (2 + m2), and cg == /(k? + £2). Moreover, the brackets [e, ¢;], for
i=1,...,8, are given in (6.2).

The differentials of the dual covectors {e!,...,e®} of the basis vectors {e1,...,es} can be com-
puted using the Koszul formula. In detail, for all X,Y € m we have

de!(X,Y) = —e'([X,Y]n),

whence we obtain

d€1:@€27+£628, d€2:_k7mel7_£el87 de3:@e47—£e48,
Ccr &3] Cr c8 cr cs
2, g2 2, 2
de? — _Eime?a?jL 3638’ de® — (kKL )667’ deb — (k" + ¢ )657’
cr 8 7 7
de” = @612 n @634 (K402 ¢, deS = £612 _ £e34,

Cr Cr cr €] €]
Using these expressions together with the properties of the differential operator d, it is possible
to compute the exterior derivative of every invariant differential form on Cj, ¢ .
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